Between ∼750 to 635 million years ago, during the Neoproterozoic era, the Earth experienced 8 at least two significant, possibly global, glaciations, termed "Snowball Earth". While many 9 studies have focused on the dynamics and the role of the atmosphere and ice flow over the 10 ocean in these events, only a few have investigated the related associated ocean circulation,
Introduction

24
The Neoproterozoic Snowball events are perhaps the most drastic climate events in 1) Latitude-depth configuration 146 In the 2D runs, the spatial resolution was 1
• with 32 vertical levels spanning a depth 
In the standard configuration, the ridge was located at φ 0 = 20
• N, to schematically represent 155 paleoclimatic estimates of more tectonic divergence zones in the Northern Hemisphere (NH).
156
We choose the bottom geothermal heat flux to have the same form of Eq.
(1) such that it 157 is proportional to the height of the ridge (Stein and Stein 1992) . The maximal geothermal 158 heating was four times larger than the background, with a spatial mean value of 0.1 W/m 2 ,
159
as for present day; in the standard 2D run presented below, the maximal geothermal heat 160 was ∼0.3 W/m 2 while the background geothermal heat, far from the ridge, was ∼0.08 W/m 2 .
161
The mean value of 0.1 W/m 2 was based on the mean present day oceanic geothermal heat 162 fluxes, given in Table 4 of Pollack et al. (1993) . 
172
For efficiency, we used the tracer acceleration method of Bryan (1984) , with a tracer 173 time step of 90 minutes and a momentum time step of 18 minutes. We did not expect major 174 biases due to the use of this approach as time-independent forcing was used here. 2) 3D configuration
The domain of the 3D configuration was 84
• S to 84
• N, again with walls specified at these boundaries, with a horizontal resolution of 2 • . The ocean depth was 3000 m, and there were we showed sensitivity experiments to bathymetry using prescribed Gaussian sills and ridges
185
of 1 km height.
186
The average geothermal heat flux was 0.1 W m −2 , as in the 2D case. The 720 Ma config- temperature was set to be uniform and equal to the freezing temperature based on an ice 214 depth of 1 km and the initial salinity described above, following Losch (2008) ,
where S f is the freezing salinity (in our case, the initial salinity), and p b is the pressure at The ice and ocean models were asynchronously coupled, each run for 300 years at a time.
221
The ice thickness was fixed during the ocean run, at the end of which the melting rate at 222 the base of the ice and the freezing temperature, calculated at each horizontal location by 223 the ocean model, were passed to the ice-flow model. The ice model was then run to update 224 the ice-thickness. The simulation ended after both models reached a steady state. Typically, more than 30 ice-flow-ocean coupling steps (9,000 years) were required. heating, and (ii) at the equator due to the strong ocean dynamics (as will be shown below).
237
The ice thickness is around 1150 m on average, and varies over a range of only about 80 
241
The density, and the vertical derivative of the density are plotted in Fig. 1a (Fig. 1d) is assumed to be independent of depth and the meridional density (pressure) gradient is 289 assumed to be approximately constant near the equator.
290
The dominant momentum balances are found to be
where y and z are the meridional and depth coordinates, u and v are the zonal and meridional differentiating with respect to y we find that p y = −ρ y g(z + F (y)), where z = 0 is defined 296 to be at the ocean-ice interface and F (y) is an arbitrary function of y so that,
It is possible to show that F (y) = H/2, by depth-integrating Eqs. (3),(6), using the fact that 298 the integrated meridional velocity should be zero due to the mass (or volume) conservation,
299
and by assuming that the depth-integrated zonal velocity vanishes at y → ±∞ 1 .
300
Eqs. (3) and (4) may be solved in terms of Airy functions, but we instead solve them 301 separately for the off-equatorial and equatorial regions and then match the two solutions,
302
leading to a more informative solution. As shown in AGLMST, for the off-equatorial region,
303
the viscosity term in Eq. (4) is negligible compared to the Coriolis term, leading to
This leads, based on Eq. (3), to the following meridional velocity away from the equator,
where the subscript "oe" stands for "off-equatorial". Based on Eqs. 
1 The integration of Eqs. (3),(6) leads to −βyV = ν h U yy = 0 and hence
where U ,V are the vertically integrated velocities. Thus V = 0 and U must be a linear function of y. Since U must vanish when y → ±∞, F (y) = H/2 and hence U = 0 for every y.
where the subscript "e" denotes the equatorial solution. These balances were verified from the numerical solution, and it was found that the eddy viscosity term indeed varies linearly in 
It is clear that u e is anti-symmetric in latitude, while v e is symmetric, as in the off-equatorial 
The vertical velocity can be found from the continuity equation
Note that w is not continuous at y 0 .
326
The half-width of the MOC cell, y 1 , can be estimated by finding the location at which 327 the meridional velocity vanishes and is
bottom of the ocean as
The mean meridional velocity within the MOC cell boundaries is
The maximal zonal velocity u max can be shown to be either at the surface or bottom of the 332 ocean with a value of
at y * = ±y 0 (9 − √ 21)/10 ≈ ±0.66y 0 .
334
The MOC stream function ψ(y, z) can be found by integrating v(y, z) = −ψ z as
such that the stream function vanishes at the top (z = 0) and bottom (z = −H) of the 336 ocean. The maximum of the stream function is at mid-ocean depth at the equator (i.e., 337 y = 0 and z = −H/2) and is found to be
The stream function MOC, in Sv, is obtained by multiplying the above stream function by 339 the Earth's perimeter. to be roughly constant and specified (from the numerical solution) near the equator. We now 359 attempt to develop a rough approximation for this density gradient, completing the above 360 discussion.
361
We integrate the time independent, zonally symmetric, salinity equation ( 
where v max is the maximal meridional velocity (18). The freshwater flux over the MOC cell 371 may be related to the difference between the maximal geothermal heating and that of the is necessary to solve a quadratic equation to find ρ y 2 . Following the above, we obtain the 376 following expression for ρ y ,
5. Sensitivity tests of the 2D solution
378
We now present the results of sensitivity experiments for the latitude-depth 2D ocean ii. With the ridge and the geothermal heating centered at the equator.
389
iii. Same as ii, including enhanced equatorial heating, but without the ridge. 2 It is possible to find the velocities when the density gradient is parabolic (ρ = γ ρ y 2 ) rather than linear.
In this case, in off-equatorial regions, the meridional velocity is zero, while the zonal velocity is constant and equals to gz/γ ρ /βρ 0 . Such an approximation is useful when geothermal heating is concentrated at the equator, a situation that, most probably, does not resemble Snowball conditions.
iv experiments. This is consistent with a parabolic density profile, which may be analyzed To examine the range of applicability of the analytic approximations presented in section 438 4, we used an idealized configuration and large parameter variations, covering and exploring 439 a large regime in the parameter space.
440
In the reference experiment of this set, the ice thickness was kept constant in time and 6. Rotation that is 1/4 of the Earth's rotation; i.e., the β-plane coefficient becomes β/4.
465
7. Rotation that is 1/9 of Earth's rotation; i.e., the β-plane coefficient becomes β/9. The results of these numerical experiments are compared with the analytical scaling solu- The predicted maximal zonal velocity is more than two times smaller than the numerical one,
487
while the predicted maximal meridional velocity is about 30% larger than the numerical one.
488
In the analytic approximation, the maximal zonal velocity is 44% of the maximal meridional the first part of the analytic approximation, which can be obtained once a specific density 504 gradient ρ y is given.
505
Our scaling estimate of the density gradient ρ y (Eq. 24) leaves room for improvement.
506
Yet, overall, the analytic approximations provide a reasonable estimate, within factor 2, of 507 the numerical solutions. using the 2D ocean model, change due to the added dimension and presence of continents.
513
We can also examine a more realistic geothermal forcing, and study the sensitivity to the 514 geothermal heating and bathymetry that are not well constrained by observations. 
529
The temperature, salinity, and density fields close to the base of the ice cover are shown
530
in Fig. 4 . The warmest and freshest waters are found within the constricted sea area (Fig. 4) ,
531
due to the enhanced warming and melting in this region associated with the localized geother-532 mal heating. Thus, the surface water is lighter in this region (bottom right panel of Fig. 4 ).
533
As in the 2D simulation described in section 3, temperature and salinity are almost inde- 
537
The differences in temperature, salinity, and density in the 3D simulations are smaller than 538 those of the 2D simulations. This is a result of the zonally restricted region of enhanced 539 geothermal heating, relative to the latitudinal band of heating prescribed in the 2D case.
540
In contrast to the temperature and salinity, whose distribution can be directly linked to 541 geothermal heating, the velocities of the 3D simulations are concentrated near the equator 542 (Fig. 5) , similar to the zonally symmetric 2D results (Figs. 1,2) . The continents do not inhibit the formation of strong equatorial zonal jets. Also similar to the 2D results, and as the existence of open water (a potential refuge for photosynthetic life) due to this upwelling.
558
A very close similarity between the zonally symmetric model and the more realistic-559 geometry 3D simulation is seen in the zonal mean temperature, salinity and velocity fields 560 of the 3D run (Fig. 6) . The tracers are vertically well mixed and are almost independent of 561 depth; where the ocean is weakly stratified, there is a "cap" of fresh and warm water due 
565
The zonal mean velocities (Fig. 6) are concentrated around the equator as in the 2D case,
566
but their latitudinal symmetry properties are somewhat different from those of the standard 567 2D run, described in sections 3 and 4 and shown in Fig. 2 . It is possible to see two opposite 568 zonal jets at the equator, just below the ice. However, below these jets, the zonal velocity 569 converges into a single symmetric jet that is similar to the one in the equatorially heated case shown in Fig. 2 . The zonal jet changes its sign with depth as before. The meridional velocity 571 also exhibits a different symmetry compared to the standard 2D simulations in Figs. 1,2.
572
In the 3D case, the meridional velocity is almost symmetric in latitude just below the ice The two MOC cells (Fig. 7) -a southern, counterclockwise cell, with a maximum flux of however, the MOC cell is stronger due to the larger heating in the NH (over the high NH 611 latitude ridge).
612
Finally, an additional 3D run, similar to the standard 2D run (discussed in section 3),
613
with no continents and with a global configuration, led to results that were almost identical 614 to those of the 2D standard run. 
Summary and conclusions
616
We find that the steady circulation under a thick (∼1000 m) ice cover in a Snowball 
642
An important goal of studying snowball ocean circulation is to aid geologists and geo-643 chemists in the interpretation of the geological, geochemical and paleontological record.
644
Geochemical studies sometimes assume that the ocean was stagnant and not well mixed.
645
The first important lesson from the present study is that one expects the ocean to be well 646 mixed in the vertical nearly everywhere, as indicated by the vertically uniform tempera-647 ture and salinity profiles, due to the geothermal heat flux. We start from the β-plane momentum equations under the assumptions of steady state
672
(i.e., ∂ t = 0 and zonal symmetry ∂ x = 0)
It is possible to switch to nondimensional variables as follows:
(H is the depth of the ocean), 
where
are small parameters under our choice of parameters, ≈ 8 × 10 −3 , ≈ 2 × 10 −5 respectively.
679
Thus, it is possible to neglect the advection and vertical viscosity terms from the momentum 
863
Note that the significant circulation is confined to the equatorial regions. 41 864 2 A summary of the latitude-depth 2D profiles of the sensitivity experiments.
865
The four columns show the temperature, salinity, zonal velocity, and MOC , at steady state of the latitude-depth standard run. The white area at the top of the plot represents the ice cover and the white area at the bottom of the panels indicates the ridge that has enhanced geothermal heating. The thick contour line in panels a,b represents the zero contour line of panel b, separating the stable stratification around the equator from the unstable stratification elsewhere. Note that the significant circulation is confined to the equatorial regions. • S and 40
• N). The contour line in the first and second columns separates the vertically stable ocean regions from the unstable ones while the contour line in the third column indicates the zero velocity. First row: standard run, after AGLMST. Second row: same as standard run but without the ridge (the geothermal heat flux is as in the standard case). Third row: same as standard but with ridge and enhanced heating placed at the equator. Fourth row: same as second row but without the ridge (yet with an enhanced equatorial heating). Fifth row: same as standard run but with ridge and enhanced heating centered at 40
• N. Sixth row: same as standard but with mean geothermal heat flux of 0.075 W/m 2 instead of 0.1. 5 . Circulation in the standard 3D run. Zonal (upper panels), meridional (middle panels), and vertical (bottom panels) velocities, near the ice bottom (at a depth of 1.1 km, left panels) and at 2.9 km (right panels). 8 . Results of the 3D sensitivity experiments. Density at a depth of 2.5 km (left panels), zonal mean density (middle column panels), and MOC (right panels), for standard run but with uniform geothermal heating (upper panels), as for standard run but with sills (middle row panels), and as for standard run but with sills and geothermally heated ridges (bottom panels). The dashed contour lines indicate fresher water. The thick solid contour lines indicate the location of the geothermal heating.
